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We will introduce our subject via an example, taken from a Chinese competition in 1978. 


“Ten people queue up before a tap to fill their buckets. Each bucket requires a different time to 
fill. In what order should the people queue up so as to minimize their combined waiting time?” 


Common sense suggests that they queue up in ascending order of “bucket-filling time”. Let us 
see if our intuition leads us astray. We will denote by T, < Tz < ++: < Tyg the times required to fill 
the respective buckets. 


If the people queue up in the order suggested, their combined waiting time will be given by 
T = 107, + 9%, +--+++ Tio. For a different queueing order, the combined waiting time will be 
S = 105; +952 +-++++ Sio, where (9), $3,... , 919) is a permutation of (T;,72,... Tio). 

The two 10-tuples being different, there is a smallest index 7 for which S; # T;. Then S; = T; < S; 
for some j > 1. Define 5; = 5;,5; = 5; and S, = S for k # i,j. Let S’ = 105) +99) +... 4 Dig. 
Then 

S—S' = (11 —2)(S; ~ S$) + (11 —7)(5; - Sy) = (Si -— S;)(j - 7) > 0. 
Hence the switching results in a lower combined waiting time. 

If (5,53,--.,5%9) # (T1,T2,...,Tio), this switching process can be repeated again. We will 
reach (Z1,Z2,..., Tio) in at most 9 steps. Since the combined waiting time is reduced in each step, 
T is indeed the minimum combined waiting time. 


We can generalize this example to the following result. 


The Rearrangement Inequality. 
Let a; < a, S++» S anand by < by <--- <b, be real numbers. For any permutation (aj,a},...,a!,) 
of (a1, d2,...,@,), we have 


ayby + dobg +++: + anby a,b; + abo +-++ +a) b, 
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> Gnd, + Gniibg fee + ay by, 
with equality if and only if (a{,@3,...,a/,) is equal to (41, @2,..-, Gn) OF (Gn, @n-1,-.., 41) respectively. 


This can be proved by the switching process used in the introductory example. See for instance 
[1] or [2], which contain more general results. Note that unlike many inequalities, we do not require 
the numbers involved to be positive. 


Corollary 1. 
Let a), 42,...,@n be real numbers and (a/,a},...,a’,) be a permutation of (a1, a9,... ,,). Then 


at+aj+-+-+a2 > aya, + aa, +--- 4%. 


Corollary 2. 
Let a1,@2,...,@, be positive numbers and (a},a},...,a/,) be a permutation of (a1, a2,...,@,). Then 
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A 1935 Kiirschak problem in Hungary asked for the proof of Corollary 2, and a 1940 Moscow 
Ol¥mpiad problem asked for the proof of the special case (a{, @4,...,@/,) = (@2,43,...,4n, a1). 


We now illustrate the power of the Rearrangement Inequality by giving simple solutions to a 
number of competition problems. 


Example 1. (International Mathematical Olympiad, 1975) 
Let 23 < tg S++: < fp and yr < yo < +++ < ym be real numbers. Let (z1,22,---,2zn) bea 
permutation of (y1,y2,-.-,Yn)- Prove that 


(zi — y1)° + (22 - y2)? +--+ + (tn — yn)? < (21 ~- 2)? +(22- zo)? +--+ (tn - aa). 


Solution: 
Note that we have y? +y3 +---+y2 = 2? +22+---+ 22. After expansion and simplification, the 
desired inequality is equivalent to 


T1Yi + T2Y2 feet CnUn = 2121 + 2222 See In2n,4 


which follows from the Rearrangement Inequality. 


Example 2. (International Mathematical Olympiad, 1978) 


Let a1, @9,...,@n be distinct positive integers. Prove that 
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Solution: 
Let (aj, @4,...,a),) be the permutation of (a1, @2,...,@n) such that a, Sa, ¢--- Sai. Then a} >i 


for 1 <i <n. By the Rearrangement Inequality, 
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Example 3. (International Mathematical Olympiad, 1964) 
Let a,b and c be the sides of a triangle. Prove that 


a*(b+c—a)+ B(c+a-—b) ter Gah DoS 3abce. 


Solution: 

We may assume that a > b > c. We first prove that c(a+b— c) > b(c+a—b)> a(b+c—a). Note 
that c(a+b—c)—(e+a—b) = (b—c)(b+c—a) => 0. The second inequality can be proved in the 
same manner. By the Rearrangement Inequality, we have 


a*(b+c—a)+b(cta—b)+e%(a+b—c) < balbt+c—a) + cb(c+a~b)+acla+b—c), 


*ma(b+e-a)+b(cta—b)+c%(atb—c) < ca(b+c—a)+ab(e+a—b) + be(at+b—c), 
Adding these two inequalities, the right side simplifies to 6abc. The desired inequality now follows. 


Example 4. (International Mathematical Olympiad, 1983) 
Let a,b and c be the sides of a triangle. Prove that a7b(a — 6) + b?c(b—c) + c2a(e—a) >0 


Solution: z Pee 
We may assume that a > b,c. Ifa >b>c, we have a(b+c—a) > b(c+a—b) > ca+b—c) asin 
Example 3. By the Rearrangement Inequality, 
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This simplifies to 4a(b— a) + 20(c—b)+4c(a—c) < 0, which is equivalent to the desired inequality. 
The same argument applies ifa >c> b. 


Simple as it sounds, the Rearrangement Inequality is a result of fundamental importance. We 
shall derive from it many familiar and useful inequalities. 


Example 5. The Arithmetic Mean Geometric Mean Inequality. 


Let 21, 2,...,Zn be positive numbers. Then 
yt tote +2 Wa osae, 
n 

with equality if and only if z] =2,=---=Z,. 
Proof: 
Let(= Ymi2-° tn, a1 = H,02 = BR,...,a, = BSR = 1. By Corollary 2, 

ay a2 an Ty Z2 In 

oa fae OG Gq’ 

. which is equivalent to 2+#2t—t2n > G. Equality holds if and only if a; = a2 = --- = ay, or 

Ty = T%oa>-°''' Ly. 


Example 6. The Geometric mean Harmonic Mean Inequality. 
Let 21,20,...,2n be positive numbers. Then 
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with equality if and only ifzy = 2g =++-=2y. 


Proof: 
Let G,a1,a9,...,@, be as in Example 5.:By Corollary 2, 


n < E + 2 Gn — G G + + S 
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which is equivalent to 
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Equality holds if and only if 2] = 29 =+-- = apy. 


Example 7. The Root Mean Square Arithmetic Mean Inequality. 
Let 21, 22,...,2n be real numbers. Then 


sit+agt::: +a? emia +og+-+-++2y 
n ~ n ss 
with equality if and only ifr] = zo =-+-= ay. 
Proof: 
By Corollary 1, we have 
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Adding these and 2? +23 +---+22 =2?4+23+---+ 22, we have 
n(ay + apt +++ +02) > (a1 tants: +2), 
which is equivalent to the desired result. Equality holds if and only if 2) =z2 =+--=a2,. 


Example 8. Cauchy’s Inequality. 
Let 1, @2,...@n, 61, 62,...,0, be real numbers. Then 


(arbi + a2bz + +++ + dnba)? < (af tag +--+ a2)(bp +b) +--+ +02), 


with equality if and only if for some constant k, a; = kb; for] <i <n or 6; = ka; forl <i<n. 


Ifa, =a, =-:: =a, =Oord, = & =--: = b, = OD, the result is trivial. Otherwise, define 


S= /ai+ 2% +--+ a3 and T = \/bj + 63 -+---+ 52. Since both are non-zero. we may let 2; = 4 


and In4j = bi for 1 <icsn. By Corollary 1, 
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which is equivalent to the desired result. Equality holds if and is if tj = Zn4: for 1 <i <n, or 
ail = 6S forl <i<n. 


IV 


We shall conclude this paper with two more examples whose solutions are left as exercises. 


Example 9. (Chinese competition, 1984) 


Prove that 2 + 2 ie zh 221+ 22+-+++2, for all positive numbers 21, 22,..., Zn. 


Example 10. (Moscow Olympiad, 1963) 
Prove that bes + as + matt > 3 for all positive numbers a, 6 and c. 
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